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Abstract: The paper proposes an alternative approach to emotion recognition
from stimulated EEG signals using Duffing oscillator. Reported works on
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1

Introduction

Perception involves interpreting sights, sounds, smells and touch. Perception is a
relatively younger discipline in artificial intelligence. We are concerned that there are
fewer works on the perception of emotions. Researchers are keen to develop new models
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and techniques in order to understand and recognise emotions resulting from external
manifestations, including crying, laughing for example. This paper deals with the
classification of emotion aroused by audio-visual stimulus from electroencephalographic
(EEGs) signals. Biologists believe that most of our high level understanding processes
involving emotions is due to the interaction of neural and hormonal activities. EEGs
(Bos, 2007) representing neural activities of the brain may help develop a better
understanding of human emotions other than widely used modes, which include facial
expression (Ekman and Friesen, 1975; Russell et al., 2002; Yoshitomi et al., 2000) and
voice (Russell et al., 2002; Yoshitomi et al., 2000).
In recent times, researchers are taking interest to brain scanning techniques for
correctly acquiring relevant information for emotion recognition. The techniques include
EEG, magnetoencephalography (MEG) (Dolan et al., 2006), functional magnetic
resonance imaging (FMRI) (Johnstone et al., 2006; Schneider et al., 1997; Peyk et al.,
2008) and positron emission tomography (PET) (Schneider et al., 1997). Unfortunately,
however, little brain functioning could be traced until now using the above imaging
techniques. Naturally, very few interesting results have been reported as yet on emotion
clustering using the above modes of information extraction. The primary objective of this
paper is to classify the emotion of a subject from his or her EEG signal, obtained by
audio-visual excitation of the subject. In our original research (Chakroborty, 2005;
Chakroborty and Konar, 2009), we classified the input stimulus based on their power to
excite a specific emotion. We have again used these stimuli in the present experiment.
We like to examine whether the stimuli used for excitation of the same emotion would
ultimately map the EEG’s onto a unique pattern.
Reported works (Murugappan et al., 2008; Khalili and Moradi, 2008, 2009; Konar
and Jain, 2005; Li et al., 2009) on emotion recognition from stimulated EEG signals
usually employ supervised learning. Naturally, the classification accuracy of emotions
largely depends on the selected features of the EEG signals. As features are usually not
free from measurement noise, and the list of complete features is yet to be identified, the
classification accuracy sometimes go far below than the other mode of emotion
classification. Naturally, the importance of emotion recognition from EEG features
becomes insignificant. To overcome this problem, we here use the entire EEG signal
samples rather than the features extracted out of it. Here, a non-linear mapping from the
stimulated EEG signals to emotion has been accomplished using a relaxation oscillator.
There exist several non-linear relaxation oscillators, such as Lee oscillator (Chakroborty
and Konar, 2009) and Duffing oscillator (Holmes and Rand, 1976; Holmes and Holmes,
1981; Holmes and Whitley, 1983; Novak and Frehlich, 1982; Srebro, 1995; Ueda, 1979,
1980; Yuan and Li, 2009). We here prefer Duffing oscillator for its proven performance
in detecting epileptic seizure from the EEG signals (Yuan and Li, 2009). The novelty of
this research is to study the power of Duffing oscillator in emotion clustering from the
stimulated EEG signals.
In order to examine the scope of Duffing oscillator in emotion recognition from EEG
signals, we consider phase portraits of the oscillator excited with specific audio-visual
stimulus responsible for arousal of a given emotion. Experiment reveals that the phase
portraits of the oscillator look geometrically similar, when the stimuli correspond to a
specific emotion. The paper also examines the clustering of emotions from noisy EEG
signals. The classification accuracy obtained by the proposed technique supersedes the
accuracy obtained by all other modes of emotion recognition, including facial expression
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(Ekman and Friesen, 1975; Russell et al., 2002; Yoshitomi et al., 2000), voice (Russell et
al., 2002; Yoshitomi et al., 2000) and other biopotential signals (Takahashi, 2004).
The paper is divided into five sections. In Section 2, we briefly outline the state space
representation of a Duffing oscillator dynamics and how phase trajectories were obtained
from the time-response of the oscillator dynamics. In Section 3, we represent the
experimental results for emotion clustering by noting the similarity in phase trajectory.
The effect of noise on the EEG signal is studied in Section 4. Conclusions derived from
the above are listed in Section 5.

2

Duffing oscillator dynamics and phase response

Here, we propose a specialised non-linear oscillator dynamics. This has a proven chaotic
behaviour (Carroll and Pecora, 1993; Ditto et al., 1990; Novak and Frehlich, 1982) in its
temporal response. The dynamics of the Duffing oscillator has a similarity to the typical
spring-mass load system of a conventional mechanical process (Kuo, 2002; Ogata, 2009).
The spring in the present context, is a non-linear device. It has a restoration force
proportional to its cubic linear displacement. Naturally, the restoration force of ideal
spring that obeys Hooke’s law is maintained in the Duffing oscillator dynamics.
Consequently, the restoration force has two components, one following Hooke’s law and
the other is due to a high stiffness of the spring. This is represented by a cubic
displacement term. The dynamics of Duffing oscillator are given in equation (1):
d2x
dt

2

+δ

dx
+ β x + ax3 = γ cos (ωt ) + e ( t )
dt

(1)

where
x

represents the linear displacement

dx
represents the velocity of a unit mass connected in spring-mass load system
dt
βx and αx3 are due to the spring restoration force

γcos(ωt)

is a fixed excitation input to maintain certain level of oscillation in the
response of the dynamics

e(t) is the disturbance input to the oscillator.
In this context, we use the EEG signal as the disturbance input e(t). We select α = 1,
β = −1, γ = 0.826, δ = 0.5. The gain of the EEG signal is taken to be 5. The basic Duffing
oscillator dynamics (1) can be represented by (2) and (3).
x = y

y = γ cos (ωt ) + e ( t ) − δ

(2)
dx
− β x + ax3
dt

(3)

Originally, the EEG signal, obtained in the sampled version, was passed through a
first-order-hold circuit, whose transfer function is given by:
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−Ts
⎡1 + Ts ⎤ ⎡1 − e ⎤
×
Gh ( s ) = ⎢
⎢
⎥
⎥
⎣ T ⎦ ⎣ s ⎦

2

(4)

where

T

sampling time

S

Laplace-domain operator.

The hold-circuit is used to get a continuous version of the discrete EEG signal. Figure 1
presents a recording scheme of EEG signals. Two computers are used in the said system:
one as a stimulator, and the other for recording and analysis of EEG signal data.
Figure 1

EEG recording of emotion joy from an audio-visual stimulus (see online version for
colours)

The dynamics of the Duffing oscillator (Figure 2) receives a co-sinusoid input along with
the recorded EEG signal. The time-response of the dynamics is obtained numerically by
fourth order Runge-Kutta method and phase trajectories are constructed with its
parameter x(t) and x (t ).
Figure 2

Block diagram of a Duffing oscillator
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One set of sample EEG signals for five distinct emotive stimuli is given in Figure 3. The
method of selection of stimulus responsible for arousal of a specific emotion is given in
the next section. Once a stimulus responsible for arousal of joy is submitted to the
Duffing oscillator, the phase trajectory is constructed using the time-response and its first
time derivative at discrete time data points. Figure 4 shows the EEG obtained for a
stimulus of joy, the response of the Duffing oscillator to this signal and its corresponding
phase-portraits. It needs mention here that phase-portraits depend on the choice of initial
values of the oscillator parameters. In Figure 4, we considered x(0) = 0, x (0) = 0. It is
apparent from the phase trajectory [Figure 4(b)] that the phase portrait has two primary
lobes with several overlaps, indicating a clear chaotic behaviour of oscillator dynamics.
The nature of the chaos, however, may be different for different audio-visual stimuli.
Figure 3

Time varying plot for the: (a) emotion of anger (b) emotion of fear (c) emotion of joy
(d) emotion of relaxation (e) emotion of sadness

(a)

(b)

(c)

(d)

(e)
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(a) Plot for EEG data of joy against time (b) plot for state variable x for EEG data of joy
against time (c) plot for state variable x for EEG data of joy against time (d) phase
trajectory of joy with initial condition at x(0) = 0 and x (0) = 0

(a)

(b)

(c)

(d)

A variation in the initial condition is studied in Figure 5. It is noted from this figure that
the phase trajectory maintains structural similarity with two lobes irrespective of the
initial conditions, i.e., x(0) = 0 and x (0) = 0. In other words, the shape of the phase
trajectory for joy is unique with two lobes as obtained in Figures 5(a)–5(c).

Emotion clustering from stimulated electroencephalographic signals
(a) Phase trajectory of emotion joy with initial condition at x(0) = 2 and x (0) = 20
(b) phase trajectory of emotion joy with initial condition x(0) = –2 and x (0) = 20
(c) phase trajectory of emotion joy with initial condition at x(0) = –2 and x (0) = −20
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3

Experiments

The experiment includes three issues. First, we present a scheme for the selection of
audio-visual stimulus responsible for excitation of specific emotions of a given subject.
Next, we determine the shape of the phase portraits from the time-response of the
Duffing oscillator, when excited with a given emotive stimulus. Lastly, we confirm that
for similar emotive stimulus the phase portraits also look similar.
The continuous time EEG signal obtained from the first order hold circuit is used to
excite the Duffing oscillator (Holmes, 1979; Holmes and Rand, 1976, 1980; Holmes and
Holmes, 1981; Holmes and Whitley, 1983; Novak and Frehlich, 1982; Ott, 2002; Srebro,
1995; Thompson and Stewart, 2002; Ueda, 1979, 1980, 1992; Yuan and Li, 2008). The
response of the oscillator is obtained by solving the differential equation governing the
oscillator dynamics using fourth order numerical integration by the Runge-Kutta method.
The experiment was dome using 15 audio-visual stimuli. Each three correspond to
exciting a specific emotion. The principle of automatically identifying the best
audio-visual stimulus for the excitation of a given emotion is outlined below.
Table 1

Assessment of the arousal potential of selected audio-visual movie clips in exciting
different emotions

Subjects used to access
the emotion aroused by
the audio-visual clips
Subject 1
Subject 2
…
Subject 50
Subject 1
Subject 2
…
Subject 50
…
Subject 1
Subject 2
Subject 50

Percentage arousals of different emotions by a clip

Title of
audio-visual
clips

Anger

Relax

Joy

Sadness

Fear

Clip 1
Clip 1

0
0

20
25

80
75

0
0

0
0

Clip 1
Clip 2
Clip 2

0
0
0

12
82
80

88
0
0

0
9
12

0
9
8

Clip 2

0

84

0

10

6

Clip 60
Clip 60
Clip 60

78
80
84

10
16
8

0
0
0

0
0
0

12
4
8

3.1 Stimulus selection
To identify the correct audio-visual stimulus responsible to arouse a given emotion, the
stimuli are initially classified manually. This is done with the help of 50 observers, most
of whom are students or the faculty of Jadavpur University. Each observer is asked to
classify a given audio-visual stimulus into five emotion-arousing classes, including anger,
fear, joy, relaxation and sadness. A 100-point scale is used and individual scores are
allotted to the possibility space of the five emotions. The sum of the scores assigned to a
given audio-visual stimulus is 100. For the 50 observers, we determine the mean and
variance of their assignments to a particular category. Ultimately the ratio of
mean/variance for each of the five emotions is evaluated. The category having the largest
mean/variance ratio is considered to be the best appropriate emotion for any given
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stimulus. The experiment is repeated for 60 such stimuli. The mean/variance ratio of the
winning emotion for each stimulus is identified. A sorting algorithm is then used to rank
the stimuli according to the descending order of their mean/variance measure for the
specific emotion category. The first three stimuli for each category of emotion are then
identified from this list. The complete experiment is done with the three stimuli
responsible for the excitation of a specific emotion. For five emotions, we thus have
5 × 3 = 15 best audio-visual samples.
Table 1 gives the tabular representation of the results obtained by responses obtained
from 50 subjects. Each subject is shown 60 sets of audio-visual stimuli. From the table, it
is clear that the row-sum give in Table 1 has always a value of 100.

3.2 Clustering from the Shape of the phase portraits
The experiment starts with five emotive stimuli, each responsible for excitation of five
distinct emotions: anger, joy, fear, sadness and relaxation. The EEG signals obtained for
individual stimulus is recorded and processed, and submitted to the input of a Duffing
oscillator. The response to this stimulus is obtained by numerically integrating the
dynamics of the oscillator using Runge-Kutta method. The initial conditions of the
numerical integration were set to x = 0, y = 0. Phase-trajectories obtained from the
oscillator response are plotted for all the five distinct stimulus mentioned above
(Table 2). It is noted from Table 2 that individuality of the portraits is maintained for the
different excitatory stimuli. The remarks column under Table 2 clearly indicates the
special features of the individual phase portraits. Consequently, the EEG signal
corresponding to a specific emotion excitatory stimulus can be segregated in the phase
space of the oscillator. Here lies the significance of the Duffing oscillator.
The experiment was repeated for 50 different subjects and the results are appealing. It
was observed that the phase portrait obtained for most of the subjects for a given stimulus
look similar in shape and number of lobes. The misclassification of emotion from the
shape-based phase portraits is as low as 6.8%. A comparison with existing literature
reveals that the proposed scheme outperforms the traditional schemes of emotion
classification from EEG data (Murugappan et al., 2008; Saiwaki et al., 1998).
Table 2

Emotions
Anger

Experimental results on the cluster-shapes
Experimentally obtained cluster shapes (without noise)

Remarks
The phase trajectory
covers the least area
and width, confined
within x = −8 to
x = 8
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Table 2

Emotions

Experimental results on the cluster-shapes (continued)
Experimentally obtained cluster shapes (without noise)

Remarks

Fear

An extension is
visible to the right
side of the main
phase trajectory

Happiness

The upper lobe is
highly dispersed,
less dense, thus
covering the
maximum area

Relaxation

Above the upper
lobe, a thick lobe is
formed. An
extension is formed
nearer to the left
side of the original
upper lobe.

Emotion clustering from stimulated electroencephalographic signals
Table 2

Experimental results on the cluster-shapes (continued)

Sadness

Below the lower
lobe, another lobe is
formed, which is
sparse in nature

Phase trajectory for joy due to: (a) first stimulus of joy (b) second stimulus of joy
(c) third stimulus of joy
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Phase trajectory for joy due to: (a) first stimulus of joy (b) second stimulus of joy
(c) third stimulus of joy (continued)
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3.3 Effect of similar stimuli on clustering
The objective of this experiment is to study the effect of two or more stimuli causing
same emotion on the phase portraits. It may be noted that we already identified three top
ranking stimuli responsible to arouse same emotion. These stimuli were applied to the
input of the Duffing oscillator, and its corresponding phase-portraits are plotted for joy
(Figure 6) and anger (Figure 7). It is apparent from Figure 6 that there exists similarity in
phase portraits (a)–(d) obtained for the emotion joy with different stimulus.
To validate the results, the experiment was repeated for the emotion anger and the
results too are promising. The phase portraits of anger for three different stimuli are
obtained and plotted in Figure 7. It is clear from Figure 7 that the portraits look very
similar, signifying the common belief that similar excitations cause similar emotions.
Phase trajectory for anger due to: (a) first stimulus of anger (b) second stimulus of
anger (c) third stimulus of anger
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Figure 7
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Phase trajectory for anger due to: (a) first stimulus of anger (b) second stimulus of
anger (c) third stimulus of anger (continued)
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4

Noisy clustering

In this section, we experiment by adding additive white Gaussian noise (AWGN) to the
original signal for a specific emotion. We note the changes in the phase portrait obtained
from the Duffing oscillator response. The AWGN channel model is one in which the only
impairment is the linear addition of wideband or white noise with a constant spectral
density. This is expressed as Watts per Hertz of bandwidth and a Gaussian distribution of
amplitude. It is noted that when the signal-to-noise ratio (SNR or S/N) of the EEG signal
is maintained at a level of 25 dB, the phase portraits maintain similarity, which indicates
robustness in emotion clustering. SNR is defined as the ratio of a signal power to the
noise power which corrupts the signal. A ratio higher than 1:1 indicates there is more
signal than noise. In less technical terms, the SNR compares the level of the desired
signal, on here, the obtained EEG signals, to the level of added unwanted noise. The

P. Bhowmik et al.

80

higher the ratio, the less obtrusive is the background noise. The value of SNR is given by
the following equation:
⎛ Psignal ⎞
⎛ Asignal ⎞
SNR ( dB ) = 10 log10 ⎜
⎟ = 20 log10 ⎜
⎟ = Psignal ,dB − Pnoise, dB
⎝ Pnoise ⎠
⎝ Anoise ⎠

(5)

Figures 8(a), 8(b), 8(c), 9(a), 9(b), 9(c), 10(a), 10(b) and 10(c) demonstrate the behaviour
in the phase portrait for different level of SNR as indicated in the caption. It is noted that
when the SNR is less than a certain threshold, misclassification occurs. Note the
differences in the phase portraits for a given emotion.
Figure 8

Phase trajectories for fear when the EEG signal is corrupted with noise of an SNR of
(a) 30 dB (b) 25 dB (c) 20 dB

(a)

(b)

(c)
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Classifications of the phase trajectories of different emotions were based on several
features of the phase portrait. These features included:
1

The presence of any third lobe. The values were used as follows; a value of +1 is
taken for an extra upper lobe, a –1 is taken for an extra lower lobe, and a 0 is
considered for the absence of any extra lobe.

2

The position of the centroid of the extra lobe [coordinates of the centroid are taken to
be (0, 0) if there is no extra lobe]

3

The maximum and the minimum values of x and dx/dt.

Figure 9

Phase trajectories for relaxation when the EEG signal is corrupted with noise of an SNR
of (a) 30 dB (b) 25 dB (c) 20 dB

(a)

(b)

(c)
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Figure 10 Phase trajectories for sadness when the EEG signal is corrupted with noise of an SNR
of (a) 30 dB (b) 25 dB (c) 20 dB

(a)

(b)

(c)

The features extracted from the phase portraits without noise were then used to train the
support vector machine (SVM). The features of the phase portraits obtained from noisy
EEG data were classified using the linear one-to-one SVM classifier. SVMs are a set of
related supervised learning methods which are used for classification and regression. A
SVM constructs a hyperplane or a set of hyperplanes in a high or infinite dimensional
space. This then can be used for classification, regression or other tasks. Intuitively, a
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good separation is achieved by a hyperplane that has the largest distance to the nearest
training data points of any class. That is the so-called functional margin. In general,
larger the margin, lower the generalisation error of the classifier. The one-to-one
approach of classification is done by a max-wins voting strategy. Here, every classifier
assigns an instance to one of the two classes. The vote for the assigned class is then
increased by one vote. Finally, the class with most votes determines the instance
classification.
The accuracy of the classification for different SNRs is shown in Table 3. Figure 11
gives a pictorial representation of the same.
It can be seen from Table 3 that misclassification begins at 25 dB. The
misclassification percentage is 0.3% at SNR = 25 dB.
Table 3

Percentage of classification accuracy at decreasing values of SNR

SNRs

Accuracy

55 dB

100%

50 dB

100%

45 dB

100%

40 dB

100%

35 dB

100%

30 dB

100%

25 dB

99.7%

20 dB

98.3%

15 dB

92.6%

10 dB

84.4%

Figure 11 Variation of classification accuracy with various amount of noise (see online version for
colours)
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Conclusions

The paper employed Duffing oscillator for emotion clustering from stimulated EEG
signals. Experiments with 50 subjects confirmed that the mapping of EEG to phase
portraits of Duffing oscillator for a given stimulus is unique. This justifies high
classification accuracy of emotion from stimulated EEG samples by the proposed
approach. Experiments further reveal that similar stimulus responsible for arousal of a
specific emotion yields similar phase portraits, signifying similarity in the EEG samples
for the stimuli. Analysis with noisy EEG data demonstrates that for SNR up to 25 dB, the
emotion clustering can be performed from the EEG samples without error. Above all, the
paper envisages that the EEG signal itself is more important for emotion clustering and
the performance of unsupervised clustering by Duffing oscillator is better in classification
accuracy than other EEG-based supervised classification and other modes of emotion
classification.
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