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Abstract
This paper presents a new model for unsupervised learning and reasoning on a special
type of cognitive maps realized with Petri nets. The unsupervised learning process in the
present context adapts the weights of the directed arcs from transitions to places in the
Petri net. A Hebbian-type learning algorithm with a natural decay in weights is employed to study the dynamic behavior of the algorithm. The algorithm is conditionally
stable for a suitable range of the mortality rate. After convergence of the learning
algorithm, the network may be used for computing the beliefs of the desired propositions from the supplied beliefs of the axioms (places with no input arcs). Because of the
conditional stability of the algorithm, it may be used in complex decision-making and
learning such as automated car driving in an accident-prone environment. The paper
also presents a new model for knowledge reﬁnement by adaptation of weights in a fuzzy
Petri net using a diﬀerent form of Hebbian learning. This second model converges to
stable points in both encoding and recall phases.
 2004 Elsevier Inc. All rights reserved.

1. Introduction
Kosko’s [15,16] pioneering work on fuzzy cognitive maps stands as a
milestone in the ﬁeld. However, his model has two limitations. First, the model
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cannot describe many-to-one (or -many) causal relations. Second, the recall
model gets trapped within limit cycles and is therefore not applicable in realtime decision-making problems. In this paper we propose an extension of
Kosko’s model that can represent many-to-one (or -many) causal relations by
using Petri nets. The proposed recall model is free from limit cyclic behavior.
In the proposed model, many-to-one (or -many) causal relations are described as a joint occurrence of a set of antecedent clauses and one or more
disjunctive consequent clauses. Further, instead of representing positive and
negative causal relations separately, we can describe them by a uniform notion
without attaching any ‘‘sign’’ label to the arcs in the fuzzy cognitive map. To
see this, suppose there is a negative causal relation:


P !Q
between concepts P and Q, which means P causally decreases Q. We can
represent the same causal relation as
P ! :Q
which means P causally increases the dis-concept Q. The : symbol is a logical
negation operator. Thus we can represent all negative causal relations as
equivalent positive causal relations without having to attach signs to the arcs to
label the positive/negative causality.
Another point that needs to be addressed before formally introducing the
scheme is: Why do we select fuzzy Petri nets (FPNs) [1–14,17,22–26] to model
fuzzy cognitive maps? The answer to this is that FPNs support the necessary
many-to-one (or -many) causal relations and have already proved themselves
useful as an important reasoning [9–14] and learning [22] tool. The principle of
reasoning and learning that we introduce in this paper, however, is new and is
diﬀerent from the existing works.
The paper is organized as follows. The encoding and recall model of the
proposed cognitive map is introduced in Section 2. The state-space representation of the model is given in Section 3. Section 4 presents an analysis of
stability of the proposed model. A computer simulation of an automated
collision-free car driving system based on the proposed model is presented in
Section 5. Section 6 summarizes the signiﬁcance of the results. Section 7 presents another model––a new technique for estimation of certainty factors,
including convergence proofs of both encoding and recall phases and an
illustrative application. Conclusions are drawn in Section 8.

2. The proposed model for cognitive reasoning
The proposed model for cognitive reasoning has two main components:
(i) the encoding and (ii) the recall modules. The encoding is needed to store
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stable fuzzy weights at the arcs, connected between transitions and places
[17], of an FPN, while the recall is required for the purpose of deriving stable
fuzzy inferences. Before presenting the model, we formally deﬁne an FPN
[18].
Deﬁnition 1. An FPN is a 9-tuple, given by
FPN ¼ hP ; Tr; T ; D; I; O; Th; n; W i

ð1Þ

where
P ¼ ðp1 ; p2 ; . . . ; pn Þ is a ﬁnite set of places;
Tr ¼ ðtr1 ; tr2 ; . . . ; trm Þ is a ﬁnite set of transitions;
T ¼ ðt1 ; t2 ; . . . ; tm Þ is a set of tokens in the interval ½0; 1 associated with the
transitions ðtr1 ; tr2 ; . . . ; trm Þ respectively;
D ¼ ðd1 ; d2 ; . . . ; dn Þ is a ﬁnite set of propositions, proposition dk corresponds
to place pk ;
P \ Tr \ D ¼ ;; cardinality of ðP Þ ¼ cardinality of ðDÞ;
I : Tr ! P / is the input function, representing a mapping from transitions
to bags of (their input) places;
O : Tr ! P / is the output function, representing a mapping from transitions
to bags of (their output) places;
Th ¼ ðth1 ; th2 ; . . . ; thm Þ represents a set of threshold values in the interval
½0; 1 associated with transitions ðtr1 ; tr2 ; . . . ; trm Þ respectively;
n : P ! ½0; 1 is an association function hereafter called fuzzy belief, representing a mapping from places to real values between 0 and 1; nðpi Þ ¼ ni
(say); and
W ¼ fwij g is the set of weights from the jth transition to the ith place, where
i and j are integers.
We now present an example to illustrate the above parameters in a typical
FPN structure.
Example 1. The FPN in Fig. 1 represents the following causal rule (CR):
CR : ðit  is  hotÞ; ðthe  sky  is  cloudyÞ ! ðit  will  rainÞ:
The above rule means that the events (concepts) ‘‘it-is-hot’’ and ‘‘the-sky-iscloudy’’ causally inﬂuence the event ‘‘it-will-rain’’. For all practical purposes,
this rule is identical to a typical If–Then relation.
Here P ¼ fp1 ; p2 ; p3 g, Tr ¼ ftr1 g, T ¼ ft1 g, D ¼ fd1 ; d2 ; d3 g where d1 ¼ it-ishot, d2 ¼ the-sky-is-cloudy and d3 ¼ it-will-rain. Iðtr1 Þ ¼ fp1 ; p2 g, Oðtr1 Þ ¼ fp3 g,
Th ¼ fth1 g, n ¼ fn1 ; n2 ; n3 g and w ¼ fw31 g.
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Fig. 1. A fuzzy Petri net representing the given causal rule.

2.1. Encoding of weights
The encoding model, represented by Eq. (2), has been designed based on the
Hebbian learning concept [27], which states that the strength of the weight of an
arc should increase with increasing signal levels at the adjacent nodes (here places
and transitions).
dwij ðtÞ
¼ awij ðtÞ þ tj ðtÞni ðtÞ
dt

ð2Þ

where wij denotes the weight of the arc connected between transition trj and
place pi , a represents the forgetfulness (mortality) rate, tj represents the token
associated with transition trj (also called truth token) and ni represents the
fuzzy belief associated with proposition di . The awij ðtÞ term indicates a natural decay of the weight wij in the cognitive map. This is similar to the natural
tendency of forgetfulness of human beings.
The discrete version of expression (2) takes the following form:
wij ðt þ 1Þ ¼ ð1  aÞwij ðtÞ þ tj ðtÞ  ni ðtÞ

ð3Þ

2.2. The recall model
The recall process aims at updating fuzzy beliefs at the places. It is important to note that the recall model (to be proposed shortly) appears in both
encoding and recall phases of cognitive learning. A question that naturally
arises: why does the recall model become part of an encoding phase? The
answer to this is presented below. The adaptation of weights by the recursive
equation (3) strengthens some weights and weakens some weights. This means
that some concepts should be strengthened and some weakened. A similar
metamorphosis of concepts always takes place in the mind of human beings.
This justiﬁes the inclusion of the recall model in the encoding phase. On the
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other hand, once the weights are stabilized, the recall/reasoning model is
needed in its own course of action to derive new fuzzy inferences from the
known beliefs of a set of axioms (places with no input arcs).
Before describing the recall of fuzzy beliefs at places, we deﬁne the ﬁring
condition of a transition. A transition ﬁres if the ANDed value of fuzzy beliefs of
its input places exceeds the threshold associated with it. On ﬁring of a transition,
the ANDed (min) value of beliefs of its input places is transmitted to its output
[18]. This is described below by expression (4) (vide Fig. 2):
!
"
!
#
n
n
^
^
tq ðt þ 1Þ ¼
nk ðtÞ ^ u
nk ðtÞ  thq
ð4Þ
9k¼1

k¼1

where nk ðtÞ represents the fuzzy belief of place pk (an input place of transition
trq ) and u is a unit step function. ‘‘^’’ denotes fuzzy AND (min) operator. In
the present context, the ﬁrst ^ operator takes the minimum of the beliefs nk of
the corresponding input places pk in the FPN. The u operator checks the ﬁring
condition of the transition. If the transition ﬁres, u returns a one (1) value, else
it is zero (0). The second ^ operator combines the ﬁrst part of token computation with the third part of ﬁring condition checking. The third ^ operator is
self-explanatory. The notation 9k below the third ^ operator represents that
the transition trq possesses at most n number of input places.
Belief updating at place pi is examined below by expression (5) (vide Fig. 3):
!
m
_
ni ðt þ 1Þ ¼ ni ðtÞ _
ðwij ðtÞ ^ tj ðt þ 1ÞÞ
ð5Þ
j¼1

where wij ðtÞ denotes the weight of the arc connected between transition trj and
place pi . Here, ni ðt þ 1Þ is computed by taking the maximum ð_Þ of the current
belief ni ðtÞ and the inﬂuence from the other transitions that can directly aﬀect
the belief of place pi .
p1

p2

n1

n2

trq

pn
………..

nn

th q

tq (t+1)

Fig. 2. An FPN representing connectivity from n places to transition trq .
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Fig. 3. An FPN representing connectivity from m transitions to a place pi .

It may be added here that during the recall cycle, fuzzy truth tokens (FTT)
at all transitions are updated concurrently, and the results, thus obtained, are
used for computing beliefs at all places in parallel by using expression (5). This
is referred to as the belief revision/recall cycle.

3. State-space formulation
The state-space formulation is required for representing the scheme of
cognitive reasoning by using simple arrays instead of graphs for implementation. We will develop three expressions for updating FTT of transitions, fuzzy
belief at places and weights in vector–matrix form with the help of two binary
connectivity matrices P and Q, deﬁned below.
Deﬁnition 2. A place to transition connectivity (PTC) matrix Q is a binary
matrix whose element qjk ¼ 1, if for place pk and transition trj , pk 2 Iðtrj Þ;
otherwise qjk ¼ 0. If the FPN has n places and m transitions, then the Q matrix
is of dimension ðm  nÞ [10].
Deﬁnition 3. A transition to place connectivity (TPC) matrix P is a binary
matrix whose element pij ¼ 1, if for place pi and transition trj , pi 2 Oðtrj Þ;
otherwise pij ¼ 0, With n places and m transitions in the FPN, the P matrix is of
dimension ðn  mÞ [11].
3.1. State-space model for belief updating
The equation for belief updating at places is already presented in expression
(5). For n places in the FPN, there will be n expressions analogous to (5).
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Further, if we have m transitions in the FPN, not all of them may be connected
to place pi . So, to represent connections from at least one of m number of
transitions to a place pi , we use connectivity matrix W and thus j is replaced by
9j (some j) in the range 1 to m. Thus we ﬁnd the following expression:
"
#
m
_
ni ðt þ 1Þ ¼ ni ðtÞ _
ðtj ðt þ 1Þ ^ wij Þ
ðrevised ð5ÞÞ
9j¼1

For all n places, the expression presented above takes the following form:
N ðt þ 1Þ ¼ N ðtÞ _ ðW  T ðt þ 1ÞÞ

ð6Þ

where N ¼ fuzzy belief vector of dimension ðn  1Þ, the rth component of which
represents fuzzy belief of place pr , W ¼ fuzzy weight matrix from places to their
input transitions (dimension ðm  nÞ) and T ¼ token vector for transitions
(dimension ðm  1Þ), such that the rth component of T represents the fuzzy
truth token of the rth transition. The operator ‘‘’’ represents fuzzy max–min
composition operator, which is executed analogous to conventional matrix
multiplication algebra, with the replacement of algebraic multiplication by
fuzzy AND (min) and addition by fuzzy OR (max) operator.
3.2. State-space model for FTT updating of transitions
Applying De Morgan’s law, the transition updating equation described by
expression (4) can be re-modeled as follows:
tq ðt þ 1Þ ¼

n
_

!c

ðnck Þ
9k¼1

"
^u

!c

n
_

ðnck Þ
9k¼1

#
 thq

ðrevised ð4ÞÞ

where Ôc’ above a parameter represents its one’s complement. Since not all
places are connected to the input of transition trq , to represent connectivity
from places to transitions we use the binary PTC matrix Q, with elements
qqk 2 f0; 1g. Thus we ﬁnd:
!c
"
#
n
n
_
_
c
c
c
tq ðt þ 1Þ ¼
ðnk ðtÞ ^ qik Þ ^ u
ðnk ðtÞ ^ qik Þ  thq
8k¼1

8k¼1

ðrevised ð4ÞÞ
For m transitions, as in Fig. 2, we will have m expressions as presented above.
Combining all the m expressions we get the following state-space form for
token updating at transitions:
c

c

T ðt þ 1Þ ¼ ðQ  N c ðtÞÞ ^ U ½ðQ  N c ðtÞÞ  Th

ð7Þ
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where Th ¼ threshold vector of dimension ðm  1Þ, the ith component of which
represents the threshold of transition tri , U ¼ unit step vector of dimension
ðm  1Þ, and N c ¼ complement of the belief vector, the ith component of which
is the complement of the ith component of N . The other parameters in
expression (7) have the same meanings as deﬁned earlier.
3.3. State-space model for weights
The weight updating equation given by expression (3) can be written in
vector–matrix form as follows:
W ðt þ 1Þ ¼ ð1  aÞW ðtÞ þ ððN ðtÞ  T T ðtÞÞ ^ P Þ

ð8Þ

where W ¼ ½wij is a weight matrix of dimension ðn  mÞ, P ¼ binary TPC
matrix of dimension ðn  mÞ with element pij 2 f0; 1g, where pij represents
connectivity from trj to pi , and ÔT’ over a vector denotes its transposition. The
other parameters of expression (8) have been deﬁned earlier.

4. Stability analysis of the cognitive model
The results of stability analysis are presented in Theorems 1–3.
Theorem 1. For nk ð0Þ lying between 0 and 1, for all k, ni ðtÞ in expression (5)
always converges.
Proof. Since nk ð0Þ for all k are bounded in ½0; 1 , and expressions (4) and (5)
involve AND (min) and OR (max) operators, ni ðtÞ at any time t remains
bounded in ½0; 1 . Further, from expression (5) it is evident that
ni ðt þ 1Þ P ni ðtÞ. Thus ni ðt þ 1Þ can never decrease with respect to ni ðtÞ, and
thus ni ðt þ 1Þ cannot be oscillatory. Consequently, ni ðt þ 1Þ being bounded in
½0; 1 and oscillation-free converges to a stable point after some ﬁnite number of
iterations. h
Theorem 2. The fuzzy truth tokens tj ðtÞ at transition trj for all j given by
expression (4) converge to stable points for nk ð0Þ lying in ½0; 1 for all k.
Proof. Since fuzzy beliefs at places in the cognitive net converge to stable
points, therefore, by expression (4) the proof of the theorem is obvious. h
Theorem 3. The weights in the encoding model given by expression (3) satisfy the
following conditions:
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limit cycle
unstable
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when 0 < a < 2;
when a ¼ 2 and
when a > 2:

Proof. Rewriting expression (3) by extended diﬀerence operator E, we ﬁnd
ðE  1 þ aÞwij ðtÞ ¼ tj ðtÞ  ni ðtÞ

ð9Þ

Now, to prove the theorem we need to solve the above equation. The complementary function (CF) for the above equation is given by
CF : wij ðtÞ ¼ Að1  aÞt

ð10Þ

where A is a constant.
The particular integral (PI) for expression (9) is given by
PI : wij ðtÞ ¼

tj ðtÞni ðtÞ
E1þa

ð11Þ

Since the PI represents the steady-state value of wij ðtÞ, let us consider the
steady-state values of tj ðtÞ and ni ðtÞ in expression (8).
Let tj ðtÞ as t !/ be called tj and ni ðtÞ as t !/ be called ni .
On replacement of tj ðtÞ and ni ðtÞ by their steady-state values in expression
(11), the numerator of expression (11) becomes a constant. Therefore, we set
E ¼ 1 in expression (11), which yields the PI given by
PI : wij ðtÞ ¼

tj ni
a

ð12Þ

The complete solution of Eq. (9) is then given by
wij ðtÞ ¼ Að1  aÞt þ

tj ni
a

ð13Þ

Substituting t ¼ 0 in expression (13) we ﬁnd the value of A, which on further
substitution in (13) yields the complete solution given by
wij ðtÞ ¼ ðwij ð0Þ  tj ni =aÞð1  aÞt þ

tj ni
a

ð14Þ

The conditions for stability, limit cycles and instability, now, directly follow
from expression (14). h
In the following example, we verify the conditions for stability, limit cycles
and instability of the encoding process and unconditional stability of the recall
process.
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Example 2. Consider the cognitive map for bird (X) given in Fig. 4. The initial
values of beliefs, weights and thresholds are shown in the ﬁgure. The encoding
and recall models given in expressions (6)–(8) are repeated until limit cycle,
steady-state or instability is observed on the plots (see Fig. 5). The results
obtained in these ﬁgures are consistent with Theorem 3.

5. Computer simulation
The cognitive map of Fig. 6 is a graph, representing a system for automated
collision/accident-free car driving. For this map, we initialize matrix W ð0Þ,
vector N ð0Þ and vector Th as follows:

N ð0Þ ¼ ½ 0:6 0:7 0:5 0:75 0:6 0:6 0:9 0:6 0:8 0:7 0:5 0:6
Th ¼ ½ 0:1

0:1 0:1

0:1 0:1

0:1 0:1

0:1

T

T
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Has-aeronautical- prowess (X)

w13

tr3

p1
0.6

p

2

fly (X)

tr1

0.7

w31

0.75

tr2

p3

w52

0.8
p5

p4
has-wings (X)
w24

0.9
tr4

belongs-to- Avis-Class (X)

lays-on-eggs (X)

Initial weights : w31(0) = 0.85, w52 (0) =0.7, w13(0) = 0.85, w24(0) = 0.8.
Thresholds: thi = 0 for all i.

Fig. 4. A cognitive map for birds built with FPN.

Fig. 5. Eﬀect of a on the dynamics of a sample weight w24 in Fig. 4.
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The P and Q matrices for the above system, as obtained from Fig. 6, are
given below.
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0.6

d6
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0.9 d7

tr3

d8

0.6

0.6 d1
tr4

tr1
0.75

tr5
d9

d4

0.8
d10

0.7

d2

0.7
tr2

tr6

d3
d11
0.5

0.5
tr7
d5

0.6

tr8
0.6 d12

d1=Car behind side-car narrow in breadth, d2 = Side-car of the front car too close, d3 =
Car behind side-car is wide, d4 = Front car speed decreases, d5= Front car speed
increases, d6 =Passer-by changes his/ her direction, d7= Passer-by crosses the road,
d8= Rear car speed decreases, d9 =Front car changes direction, d10= Rear car
changes direction, d11= Rear car speed increases, d12= Rear car keeps safe distance
with respect to front car.

Fig. 6. A fuzzy cognitive map, representing a car driver’s problem.

Eqs (8), (7) and (6) are updated, in that order, with a ¼ 1.8 (<2) until convergence in weights is attained. The steady-state values of weights, thus obtained, are saved by the cognitive system for application during the recognition
phase. The steady state W  , obtained through simulation, is given by
w41 ¼ 0:25;
w85 ¼ 0:33;
wij ¼ 0

w43 ¼ 0:25;
w11;7 ¼ 0:2;

w46 ¼ 0:25;
w12;8 ¼ 0:2;

w56 ¼ 0:17;
and

w84 ¼ 0:31;

for all other values of i; j:

Now, with a new N ð0Þ vector and the W  matrix, the cognitive system can
derive new steady-state inferences N  by using expressions (7) and (6), in that
order. The value of N ð0Þ and N  are presented below:
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N ð0Þ ¼ ½ 0:2 0:3 0:4 0:0 0:0 0:3 0:35 0:0 0:4 0:3 0:0 0:0

T

N  ¼ ½ 0:2 0:3 0:4 0:25 0:17 0:3 0:35 0:33 0:4 0:3 0:17 0:17

T

Among the concluding places fp4 ; p5 ; p8 ; p11 ; p12 g, p8 has the highest steady-state
belief ( ¼ 0.33), and therefore d8 (RC-SD) has to be executed.
6. Signiﬁcance of the results
Stability analysis of a fuzzy cognitive map has been accomplished in detail.
The result of the stability analysis shows that the encoding model is conditionally stable ð0 < a < 2Þ, while the recall model is unconditionally stable.
Further, the cognitive map never destroys any weights (connectivity) during
the process of encoding. This is evident from the fact that when wij ð0Þ 6¼ 0, wij
too is non-zero for any i; j.

7. Knowledge reﬁnement by Hebbian learning
This section presents a new method for automated estimation of certainty
factors of knowledge from the proven and historical databases of a typical
reasoning system. Here certainty factors have been modeled by weights in a
special type of recurrent fuzzy neural Petri net. The beliefs of the propositions,
collected from the historical databases, are mapped at places of a fuzzy Petri
net and the weights of directed arcs from transitions to places are updated
synchronously following the Hebbian learning principle until an equilibrium
condition [20,21] is reached. The model for weight adaptation has been chosen
for maintaining consistency among the initial beliefs of the propositions and
thus the derived steady-state weights represent a more accurate measure of
certainty factors than those assigned by a human expert.
7.1. The encoding model
The process of encoding of weights consists of three basic steps, presented
below:
Step-I. A transition tri is enabled if all its input places possess tokens. An
enabled transition is ﬁrable. On ﬁring of a transition tri , its FTT ti is updated
using expression (15) [20], where places pk 2 Iðtri Þ, nk is the belief of proposition mapped at place pk , and thi is the threshold of transition tri :
!
"
!
#
^
^
ti ðt þ 1Þ ¼
nk ðtÞ ^ u
nk ðtÞ  thi
ð15Þ
16k6n

16k6n
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Expression (15) reveals that if,
V
V
nk ðtÞ 1 6 k 6 n nk > thi ;
1
6
k
6
n
ti ðt þ 1Þ ¼
0
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otherwise

Step-II. After the FTTs at all the transitions are updated synchronously, we
revise the fuzzy beliefs at all places concurrently. The fuzzy belief nj at place pj
is updated using expression (16a) or (16b) (when pi is an axiom, having no
input arc):
Wm

j¼1 ðtj ðt

ni ðt þ 1Þ ¼

ni ðtÞ;

þ 1Þ ^ wij ðtÞÞ;

when

when

pi 2 Oðtrj Þ

pi is an axiom

ð16aÞ
ð16bÞ

Step-III. Once the updating of fuzzy beliefs is over, the weights wij of the arc
connected between transition trj and its output place pi are updated following
Hebbian learning [25]:
wij ðt þ 1Þ ¼ tj ðt þ 1Þ ^ ni ðt þ 1Þ

ð17Þ

The above three-step process for encoding is repeated until the weights do
not change further. Such a time-invariant state is called an equilibrium state.
The steady-state values of weights are saved for subsequent reasoning in
analogous problems.
Theorem 4. The encoding process of weights in a cognitive map realized with
FPN is unconditionally stable.
Proof. Since nk ð0Þ for all k is bounded in ½0; 1 , and the encoding model
(expressions (15)–(17)) involves only AND (min) and OR (max) operators,
nk ðtÞ will remain bounded at any time t. Further, from expression (16a) we have
ni ðt þ 1Þ ¼

m
_
ðtj ðt þ 1Þ ^ wij ðtÞÞ

ðð16aÞ rewrittenÞ

j¼1

¼

m
_
ftj ðt þ 1Þ ^ tj ðtÞ ^ ni ðtÞg

by ð17Þ

j¼1

"
¼

#
m
_
ftj ðt þ 1Þ ^ tj ðtÞg ^ ni ðtÞ
j¼1

Thus ni ðt þ 1Þ 6 ni ðtÞ. Consequently, ni ðt þ 1Þ can only decrease with respect to
its last value, and thus it cannot have an oscillation. Therefore, ni ðt þ 1Þ being
bounded and oscillation-free is stable. This holds for k ¼ any i, for 1 6 i 6 n,
where n is the number of places in the FPN.
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If nk ðt þ 1Þ for all k is stable, then by Eq. (15), tj ðt þ 1Þ also is stable. Finally,
ni ðt þ 1Þ and tj ðt þ 1Þ being stable, wij ðt þ 1Þ by expression (17) is also stable.
Hence, the encoding process of weights in a cognitive map by the proposed
model is stable. h
7.2. The recall/reasoning model
The reasoning models of a recurrent FPN have been reported elsewhere
[9–14]. During the reasoning phase, we can use any of these models including
the new model proposed below.
The reasoning/recall model in an FPN can be carried out in the same way as
in the ﬁrst two steps of the encoding model, with the following exceptions:
• While initiating the reasoning process, the known fuzzy beliefs for the propositions of a problem are to be assigned to the appropriate places. It is to be
noted that in the encoding model the fuzzy beliefs of propositions were submitted using proven case histories.
• The reasoning model should terminate when the fuzzy beliefs associated with
all propositions converge to stable points, i.e., when for all places,
jni ðt þ 1Þ  ni ðt Þj <  for t ¼ minðt Þ, where  is a positive number, however
small.
The fuzzy beliefs thus obtained after convergence are used to interpret the
results of typical analogous reasoning problems.
The execution of the reasoning model is referred to as the belief revision
cycle [9].
Theorem 5. The recall process in an FPN unconditionally converges to stable
points in belief space.
Proof. Directly follows from the ﬁrst part of the proof of Theorem 4 showing
that ni ðt þ 1Þ for all i is stable. h
7.3. Case study by computer simulation
In this study, we consider two proven case histories described by (Rule base
I, Database I) and (Rule base II, Database II). The beliefs of each proposition
in the FPNs (Figs. 7 and 8) for these two case histories are known. The
encoding model for the cognitive map has been used to estimate the certainty
factors (CFs) of the causal rules in either case. In case the two estimated CFs of
a rule obtained from the two case-histories diﬀer, we take the average of the
two values as its CF [19].
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L= Loves, Y = Young, OS =Opposite-Sex, Lr = Lover, M = Male, F = Female,
Mr = Married, H = Husband, W = Wife, Fa = Father, Mo = Mother
r = Ram, s = Sita, k = Kush

Fig. 7. An FPN with initially assigned known beliefs and random weights.

Case History I
Rule base I:
PR1: Lovesðx; yÞ, Lovesðy; xÞ ! Loverðx; yÞ
PR2: YoungðxÞ, YoungðyÞ, Opposite-Sexðx; yÞ ! Loverðx; yÞ
PR3: Loverðx; yÞ, MaleðxÞ, FemaleðyÞ ! Marriesðx; yÞ
PR4: Marriesðx; yÞ ! Lovesðx; yÞ
PR5: Marriesðx; yÞ, Husbandðx; yÞ ! Wifeðy; xÞ
PR6: Fatherðx; zÞ, Motherðy; zÞ ! Wifeðy; xÞ
Database I:
Loves(ram, sita), Loves(sita, ram), Young(ram),
Young(sita), Opposite-Sex(ram, sita),
Male(ram), Female(sita), Husband(ram, sita),
Father(ram, kush), Mother (sita, kush)
While reasoning in analogous problems, the rules may be assigned with the
CFs estimated from the known histories. In this example, case-III is a new test
problem, whose knowledge base is a subset of the union of the knowledge bases
of the ﬁrst two cases. Thus the CFs of the rules are known. In case-III, only the
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Fig. 8. A second FPN with known initial beliefs and random weights.

initial beliefs of the axioms are assumed to be known. The aim is to estimate
the steady-state belief of all propositions in the network. Since stability of the
reasoning model is guaranteed, the belief revision process is continued until
steady-state is reached. In the present simulation, steady-state occurs in the
reasoning model of case-III after ﬁve belief revision cycles. Once the steadystate condition is reached, the network may be used for generating new
inferences.
The FPN in Fig. 7 has been created using rule base I and database I from a
typical case history. The fuzzy beliefs of the places in Fig. 7 are found from
proven historical database. The initial weights in the network are assigned
arbitrarily and the steady-state values of weights (see Table 1) are computed by
using the encoding model.
Case History II
Rule base II:
PR1: Wifeðy; xÞ, Lovesðx; zÞ, FemaleðzÞ ! Hatesðy; xÞ
PR2: Husbandðx; yÞ, Lovesðx; yÞ ! Wifeðy; xÞ
PR3: Hatesðz; xÞ ! Lovesðx; yÞ
Database II:
Husband(jadu, mala), Loves(jadu, mala),
Loves(jadu, rita), Female(rita)
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Table 1
Parameters of Case History I
Initial weights wij

w71 ¼ 0:8, w72 ¼ 0:7, w93 ¼ 0:6,
w14 ¼ 0:9, w13;5 ¼ 0:8, w13;6 ¼ 0:5

Initial fuzzy beliefs ni

n1 ¼ 0:2, n2 ¼ 0:8, n3 ¼ 0:75,
n4 ¼ 0:9,
n5 ¼ 0:6, n6 ¼ 0:75, n7 ¼ 0:35,
n8 ¼ 0:85, n9 ¼ 0:45, n10 ¼ 0:85,
n11 ¼ 0:7, n12 ¼ 0:65, n13 ¼ 0:3

Steady-state weights after 4 iterations

w71 ¼ 0:35, w72 ¼ 0:60, w93 ¼ 0:35,
w14 ¼ 0:35, w13;5 ¼ 0:35,
w13;6 ¼ 0:50

thj ¼ 0 for all transitions trj

Table 2
Parameters of Case History II
Initial weights wij

w31 ¼ 0:75, w62 ¼ 0:95, w43 ¼ 0:8

Initial fuzzy beliefs ni

n1 ¼ 0:8, n2 ¼ 0:7, n3 ¼ 0:1, n4 ¼ 0:2,
n5 ¼ 0:9, n6 ¼ 0:3

Steady-state weights after 3 iterations

w31 ¼ 0:7, w62 ¼ 0:10, w43 ¼ 0:10

thj ¼ 0 for all transitions trj

The FPN of Fig. 8 is formed with rule base II and database II. The system
parameters of this FPN are presented in Table 2.
The Current Reasoning Problem
To solve a typical reasoning problem with given knowledge and databases
(see below), we need to assign the derived weights from the last two case histories. The reasoning model can be used in this example to compute the steadystate belief of the proposition Hates (lata, ashoke) with the given initial beliefs
of all the propositions. Table 3 shows the system parameters of the FPN in Fig.
9.
Current Rule base:
PR1: Lovesðx; yÞ, Lovesðy; xÞ ! Loverðx; yÞ
PR2: YoungðxÞ, YoungðyÞ, OSðx; yÞ ! Loverðx; yÞ
PR3: Loverðx; yÞ, MaleðxÞ, FemaleðyÞ ! Marriesðx; yÞ
PR4: Marriesðx; yÞ ! Lovesðx; yÞ
PR5: Marriesðx; yÞ, Husbandðx; yÞ ! Wifeðy; xÞ
PR6: Fatherðx; zÞ, Motherðy; zÞ ! Wifeðy; xÞ
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Table 3
Parameters of the current reasoning problem
Initial weight wij taken from the steady state
CFs of corresponding rules from earlier
Case Histories I and II shown in parenthesis

w71 ¼ w71 ðIÞ ¼ 0:35, w72 ¼ w72 ðIÞ ¼ 0:60,
w93 ¼ w93 ðIÞ ¼ 0:35, w14¼ w14 ðIÞ ¼ 0:35,
w13;5 ¼ w13;5 ðIÞ ¼ 0:35,
w13;6 ¼ w13;6 ðIÞ ¼ 0:50,
w16;7 ¼ w62 ðIIÞ ¼ 0:10,
w15;8 ¼ w43 ðIIÞ ¼ 0:10

Initial fuzzy beliefs ni

n1 ¼ 0:4, n2 ¼ 0:8, n3 ¼ 0:75, n4 ¼ 0:85,
n5 ¼ 0:65, n6 ¼ 0:9, n7 ¼ 0:3, n8 ¼ 0:7,
n9 ¼ 0:3, n10 ¼ 0:95, n11 ¼ 0:65, n12 ¼ 0:6,
n13 ¼ 0:25, n14 ¼ 0:55, n15 ¼ 0:35, n16 ¼ 0:40

Steady-state belief at place p16 for proposition
Hates(l,a)

n16 ¼ 0:10

thj ¼ 0 for all transitions trj
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l =Lata, a = Ashoke, t = Tina, k = Kamal

Fig. 9. An FPN used for estimating the belief of Ht(l,a) with known initial belief and CFs.

PR7: Wifeðy; xÞ, Lovesðx; zÞ, FemaleðzÞ ! Hatesðy; xÞ
PR8: Hatesðz; xÞ ! Lovesðx; yÞ
Current Database:
Loves(ashoke, lata), Loves(lata, ashoke),
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Young(ashoke), Young(lata), Opposite-Sex(ashoke, lata),
Male(ashoke), Female(lata), Husband(ashoke, lata),
Father(ashoke, kamal), Mother(lata, kamal),
Loves(ashoke,tina), Female(tina)
7.4. Signiﬁcance of the results
The analysis of stability in Section 7 shows that both the encoding and the
recall model of the fuzzy cognitive map are unconditionally stable. The time
required for convergence of the proposed model is proportional to the number
of transitions on the largest path (cascaded set of arcs) [11] in the network. The
model could be used for determination of certainty factor of rules in a
knowledge base by maintaining consistency among the beliefs of the propositions of known case histories.

8. Conclusions
The paper developed two novel models of fuzzy cognitive maps that are free
from the limitations of the existing models. The ﬁrst model employed Hebbian
learning with an additional forgetfulness factor a. The conditional convergence
of the ﬁrst model in the encoding phase and unconditional convergence in the
recall phase have been proved. The second model has been proved to converge
to stable points in both encoding and recall phases.
Both the models can be utilized for knowledge acquisition/reﬁnement from
multiple experts. If the ﬁrst model is used for knowledge reﬁnement, then the
FPNs representing case histories should have the same a. Selection of a is an
important issue. A large a (approaching 2.0) causes an over-damped behavior
of weights. On the other hand, a very small a (<0.2) requires signiﬁcant time for
the oscillations to settle down to stable values. Typically, a is chosen in the
range ½1:0; 1:2 for stable learning without quick memory refresh.
The second model (the one that does not include a) can easily be employed
for knowledge reﬁnement from multiple experts. The fuzzy beliefs of the
inferences derived by the second model during the recall phase, however, are
less accurate in comparison to those of the ﬁrst model. In brief, the ﬁrst model
provides a more accurate representation of cognitive learning by human
beings, and naturally, its dynamics is more complex when compared to the
second model.
One interesting observation about the ﬁrst model is that for non-zero initial
values of wij , wij too is non-zero. The signiﬁcance of this lies in the fact that the
model never destroys the structural topology of the cognitive map. This particular characteristic of the model ensures reliable fusion of knowledge from
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multiple experts without destroying any connectivity in the process of natural
decay of weights.
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